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Figure 14.2 Fitted Viral Load Trajectories for Four Randomly Selected Patients in the
HIV Study Based on NLME Model (14.9) (solid lines), Nonlinear Model (14.8) (dotted
lines), and the Quadratic LME Model (dashed lines). The open circles are observed viral loads

the nonlinear model (14.8) and the quadratic
LME model. Figure 14.3 displays plots of
the residuals versus the fitted values and the
smooth curves fitted by Loess. We find that
the quadratic LME model fails to capture
the nonlinear viral load trajectories over time.
Finally, the normality assumptions for the ran-
dom errors and for the random effects seem
to be plausible (see Figures 14.4 and 14.5).

14.5.2 Example 2:
Pharmacokinetics Models

Pharmacokinetics plays an important role
in the determination of drug action within
the living organism. Pharmacokinetics stud-
ies the time course of absorption, distribu-
tion, metabolism, and elimination of some
substance in the body, given a drug dose, i.e.,
the movement of drugs in the body. Suppose
that a substance enters the body via inges-

tion. Let y(t) be the concentration of the sub-
stance in the body at time t (usually measured
in the blood), and let µ(t) = E(y(t)). Let
µ0(t) be the amount at the absorption site
(e.g., stomach). A commonly used first-order
one-compartment model is based on the dif-
ferential equations

dµ(t)
dt
= β1µ0(t)− β2µ(t),

dµ0(t)
dt

= −β1µ0(t),

where β1 is the absorption rate and β2 is the
elimination rate. The above differential equa-
tions have an analytic solution given by

µ(t) =
β1β2x

(β1 − β2)β3

(
e−β2t

− e−β1t),
(14.10)

where x is the dose of the substance and β3 is
the clearance.
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Figure 14.8 Weight Measurements from the Cattle Weight Data. Left figure: all animals.
Right figure: four randomly selected animals

Table 14.3 Parameter Estimates for the
Theophylline Data

Parameter Estimate (standard error)

η1 −2.56 (1.27)
ηw 0.044 (0.018)
η2 −2.45 (0.05)
η3 −3.23 (0.06)
σ 0.71
�11 0.30
�12 0.02
�22 0.03

variation and consider the treatment effect on
the growth rate.The resulting NLME model is
given by

yi j = β0i + β2i e−β1i ti j + εi j ,

i = 1, . . . ,m, j = 1, . . . , ni ,

(14.15)

β0i = β0 + u1i , β1i = γ0 + γ1 IBi ,

β2i = β2 + u2i , (14.16)

where yi j is the weight for animal i at mea-
surement time ti j , εi j is the corresponding
measurement error, IBi is an indicator func-
tion such that IBi = 1 if animal i is from the
group with treatment B or IBi = 0 otherwise,
the parameters (β0, γ0, γ1, β2)

T are fixed, and
ui = (u1i , u2i )

T are random effects. We
assume that the measurement errors εi j are
independent of the random effects ui with

εi j
i id
∼ N (0, σ 2) and ui

i id
∼ N (0, �).

We fit the NLME model (14.15) and (14.16)
to the cattle weight data. For comparison, we
also fit the quadratic LME model

yi j = β0i + β1ti j + β2i t2
i j + εi j ,

i = 1, . . . ,m, j = 1, . . . , ni ,

(14.17)

β0i = β0 + u1i , β2i = γ0 + γ1 IBi .

(14.18)

Table 14.4 presents the parameter estimates,
their standard errors, and the correspond-
ing P-values based on the NLME model
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Table 14.4 Parameter Estimates, Standard Errors (SE), and P-values for the NLME Model
(14.15)–(14.16) and the Quadratic LME (QLME) Model (14.17)–(14.18)

NLME Parameter β0 γ0 γ1 β2 σ �11 �12 �22

Estimate 385.64 0.0083 −0.0004 −168.25 7.59 734.96 −637.27 637.51
SE 6.62 0.0005 0.0005 6.17

P-value 0.0000 0.0000 0.3888 0.0000

QLME Parameter β0 β1 γ0 γ1 σ �11

Estimate 217.62 1.28 −0.0036 0.0002 9.14 196.50
SE 2.03 0.03 0.0002 0.0001

P-value 0.0000 0.0000 0.0000 0.061
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Figure 14.9 Observed (open circles) and Fitted Weight Trajectories Based on the NLME
Model (14.15)–(14.16) (solid lines) and the Quadratic LME Model (14.17)–(14.18) (dashed lines)
for the Four Cows Randomly Selected from the Cattle Weight Data

(14.15)–(14.16) and the quadratic LME
model (14.17)–(14.18). Although the param-
eters in these two models are not compa-
rable, we conclude that the treatment effect
(γ1) is not significant, which is consistent
with the observation in Figure 14.8. Figure

14.9 shows the fitted weight trajectories based
on the NLME model (14.15)–(14.16) and
the quadratic LME model (14.17)–(14.18) for
four cows randomly selected from the cat-
tle weight data. We can conclude that the
NLME model fits the observed data better
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